The ordering of the Ising model on a pyrochlore lattice interacting via the long-range RKKY interaction, which models a metallic pyrochlore magnet such as Pr 2 Ir 2 O 7 , is studied by Monte Carlo simulations. Depending on the parameter k F representing the Fermi wavevector, the model exhibits rich ordering behaviors.
high-temperature susceptibility measurement is antiferromagnetic θ CW ≃ −20K, and the antiferromagnetic interaction usually prefers "all-in all-out" structure accompanying no frustration, the short-range magnetic order of this compound realized at lower temperatures appears to be "2-in 2-out" similarly to that of spin ice, characteristic of the effective ferromagnetic interaction.
While in spin-ice magnets the observed ferromagnetic Curie-Weiss temperature is entirely consistent with the "2-in 2-out" local spin structure, 1) it remain a bit puzzling in Pr 2 Ir 2 O 7 how the "2-in 2-out" structure, which is usually an attribute of the ferromagnetic effective interaction, is realized under the antiferromagnetic Θ CW . On decreasing the temperature, Pr 2 Ir 2 O 7 exhibits a spin-liquid-like behavior accompanied by the Kondo-like effect observed in its resistivity, until it eventually exhibits a weak spin freezing at a low temperature T ≃ 0.12K. 7) Under such circumstances, to better understand the ordering of metallic pyrochlore magnets, it would be desirable to study the nature of the magnetic ordering of the pyrochlore Ising model interacting via the long-range RKKY interaction, and compare it with the property of the dipolar spin-ice model.
We consider the Hamiltonian
where S i denotes a three-component unit vector along the < 111 > direction located at the site i of the pyrochlore lattice, pointing either parallel or antiparallel with the vector connecting the site i and the center of a tetrahedron. The coupling between the spins at the sites i and j is the long-range RKKY interaction given by
where r ij is the distance between the sites i and j, k F the Fermi wavevector, and the sum is taken over all spin pairs on the pyrochlore lattice. First, we concentrate on the "experimental" case of k F = 2π/1.218. In Fig.1 (a), we show the temperature dependence of the specific heat per spin. The data exhibit a sharp peak at around T = T c ≃ 16 (in units of J 0 ). The peak grows rapidly with the size L, suggesting that the transition is of first-order. Indeed, as shown in the inset, the energy histogram, i.e., the distribution function of the energy per spin e, exhibits a double-peak structure around T c , which grows rapidly as L increases. In the inset of Fig.1(b) , the inverse susceptibility Naively, one may think that the antiferromagnetic Θ CW is associated with the "all-in all-out" local spin structure. In fact, this is not the case here. The inset of Fig.1 (b) exhibits the temperature dependence of the ratios of the "2-in 2-out" structure, the "3(1)-in 1(3)-out" structure and the "all-in all-out" structure, which represent the probability that each type of local spin structure is realized at each tetrahedron. As can be seen from the figure, the local spin structure below T c is "2-in 2-out", not "all-in all-out". The appearance of the ferromagnetic "2-in 2-out" spin structure under the antiferromagnetic Θ CW is consistent with the experimental observation for Pr 2 Ir 2 O 7 . 7) In fact, as we shall see below, such an apparently contrasting behavior can be understood as a consequence of the long-range and oscillating nature of the RKKY interaction.
To further clarify the nature of the ordered state, we calculate the spin structure factor F ( q), i.e., the thermal average of the squared Fourier amplitude defined by
where the wavevector is given by q = 2π a (h, k, l) with −2 ≤ h, k, l ≤ 2. In Fig.2(a) , we show the structure factor in the (h, h, l) plane calculated at a low temperature T = 2, which has been averaged over all equivalent directions of (±h, ±h, ±l), (±l, ±h, ±h) and (±h, ±l, ±h). As can be seen from the figure, the spin structure factor exhibits a sharp Bragg peak at (0, 0, 1), or at the equivalent ones, indicating that the magnetic long-range order sets in below T c , the associated spin order being characterized by the wavevector (0, 0, 2π a ). We have confirmed that the Bragg peaks appear at these spots irrespective of L, and sharpen with L. It is not a finite-size effect. In fact, such an ordered state is the same as the one observed in the dipolar spin-ice 4/9 model in its equilibrium. 9) In the case of the dipolar spin-ice model, the (0, 0, 2π a ) ordered state is observed only in a special type of simulation devised to promote equilibration (loop algorithm), not in the standard single spin-flip simulation: 6) In the latter case, the system gets out of equilibrium leading to the glassy, spin-ice behavior. In our present RKKY model, by contrast, the (0, 0, a ) ordered state observed at k F = 2π/1.218. The computed spin structure factor at k F = 2π/1.13 is shown in Fig.2(b) .
On the other hand, with decreasing the k F -value from k F = 2π/1.218, the sign of Θ CW is kept to be negative and the local spin structure remains to be "2-in 2-out", while at k F = 2π/1.7 the model exhibits a first-order transition into the more complex long-range ordered state characterized by the wavevectors with all three spin components different from each other, h = k = l.
In Fig.3 , we summarize the ordering behavior of the model for a wider range of k F . The sign of the Curie-Weiss constant Θ CW determined from the computed χ −1 and the type of the local spin structure, i.e., either ferromagnetic "2-in 2-out" or antiferromagnetic "all-in all-out", are shown. We emphasize that, at any k F -value studied, we have never observed a spin-liquid-like behavior in which the spin long-range order is suppressed down to T = 0 or temperatures much lower than Θ CW . Further details will be reported elsewhere.
The origin of the sign of the effective couplings can be understood as follows. First, the type of the local spin order, i.e., either "2-in 2-out" or "all-in all-out", turns out to be primarily dictated by the sign of the nearest-neighbor part of the RKKY interaction. To see this, we 5/9 include in Fig.3 the sign of the nearest-neighbor part of the RKKY interaction as a function of k F , which turns out to reproduce the sign of the effective coupling associated with the local spin structure.
By contrast, distant-neighbor interactions also contribute to its Curie-Weiss constant. This can be seen most easily from the lowest-order high-temperature expansion, which yields
where the summation j ∈ sub(i) is taken over all sites j belonging to the same fcc sublattice as the site i, while the summation j ∈ sub(i) taken over all sites j belonging to other three fcc sublattices. The factor 1/9 in the second term arises due to the mutual canting of the < 111 > easy axes at different sublattices. The sign of eq. (4) is also shown in Fig.3 . As can be seen from the figure, it reproduces the sign of Θ CW determined from our simulation reasonably well. Thus, in case of the long-range interaction like the RKKY interaction, the local spin structure at each tetrahedron is primarily dictated by its nearest-neighbor part, while the distant-neighbor interactions also contribute to the Curie-Weiss constant. 2π/1.218. The calculated magnetization per spin m is shown in Fig.4(a) . In addition to the low-field plateau at m = 0 corresponding to the (0, 0, See Fig.4(a) . These "3-in 1-out" tetrahedra are arranged periodically on the pyrochlore lattice, i.e., these tetrahedra form a 2× 2 triangular superlattice on a (111) kagomé layer as depicted in Fig.4(b) . In the inset of Fig.4(a) , we sketch a phase diagram of the model for k F = 2π/1.218 in the field-temperature plane. In the shaded region of the phase diagram, due to the possible the incommensurability effect, complicated behaviors accompanied by various narrow plateaus are observed, which, however, are strongly size-dependent in the range of small sizes studied here.
Finally, on the basis of our present finding for the RKKY pyrochlore Ising model, we wish to discuss recent experiments on metallic pyrochlores. Our present result is consistent with the experimental result on Pr 2 Ir 2 O 7 in that the local spin structure is "2-in 2-out" whereas the Curie-Weiss temperature is antiferromagnetic. 
